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Status update as matrix multiplication

V) D)
Express state S; € IF'5, F’G% \? SJE
as function of 5;_;.
So | S1 | So ‘

Spn— Spn—
So=1(5051% - Sn—251-1)- | | "2| n—1
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Status update as matrix multiplication

V)

Express state S; € IF5, F’G% \F
as function of 5;_;.

51 | .

<—{ S S
50 = (50 515 ... 5,-2 Snfl). 2 | 3 |

51 = (51 5253 ... 5,—-1 S,-,),
with s, = E CiS;.
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Status update as matrix multiplication

Express state S; € IF}, r’er% %ﬁ
as function of 5;_;.
51 | .

So=1(%0515 - Sn—250-1)- 52 | 53 | | S”_1| S ‘

51 = (51 $S3 ...5-1 S,-,),

with s, = E CiSj.

51 = (51 52853 ... 5,1 S,,)
00 0 0 o
1 0 O 0 «a
01 0 0 o
= (So 515 ... 5,-2 S,,,l) 0

0 0 O 0 cho
0 0 O 1 ¢
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Status update as matrix multiplication

)
Express state S; € IF5, r@% \?
as function of 5;_;.
50 = (50 515 ... 5,-2 Snfl). 51 |

52|S3| |5n—1|5n ‘

51 = (51 5253 ... 5,—-1 S,-,),

with s, = E CiS;.
51 = (51 52853 ... 5,1 S,,)
0 0 O 0
1 0 O 0
01 0 0
= (So 515 ... 5,-2 S,,,l) 0
n—1) x (n— 1) identity matrix 00 0 0
(n—1) % (n 1) identity o0

o
C1
(&)

Ch—2
Ch—1

c

coefficients
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Examples

State update matrix C is an n X n matrix,
where n is the length of the register.
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Examples

State update matrix C is an n X n matrix,
where n is the length of the register.

0 01 !
C=|1100

0 11

0 01
C=|1101

011
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What can we learn from the state-update matrix?

> 51:50~C.
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What can we learn from the state-update matrix?

> 51:SO~C.
> 52:51-C:(50-C)-C:50'C2.
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What can we learn from the state-update matrix?

» 55 =5-C.
> 52:51-C:(50~C)-C:50'C2.
» In general §; =Sy - .
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What can we learn from the state-update matrix?

v

$51=5"-C.
$=5-C=(5-C)-C=5-C2
In general S; = S, - CV.

v

v

2 .
There are only 2™ n x n matrices over IF5, so eventually

v

ci=0c
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What can we learn from the state-update matrix?

v

$51=5"-C.
$=5-C=(5-C)-C=5-C2
In general S; = S, - CV.

v

v

2 .
There are only 2™ n x n matrices over IF5, so eventually

v

Ci: Cj:>5,':50ci
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What can we learn from the state-update matrix?

» 55 =5-C.
> 52:51~C:(50~C)-C:SO~C2.
» In general §; =Sy - .

2 .
» There are only 2™ n x n matrices over IF5, so eventually

C'=C=5=5C=5C=S,.
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What can we learn from the state-update matrix?

v

$51=5"-C.
$=5-C=(5-C)-C=5-C2
In general S; = S, - CV.

v

v

2 .
There are only 2™ n x n matrices over IF5, so eventually

v

C'=C=S5=5C=5C=S,.

The output is ultimately periodic as also C'*T! = Citletc.

v

This is independent of the starting state.
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What can we learn from the state-update matrix?

v

$51=5"-C.
$=5-C=(5-C)-C=5-C2
In general S; = S, - CV.

v

v

2 .
There are only 2™ n x n matrices over IF5, so eventually

v

C'=C=S5=5C=5C=S,.

The output is ultimately periodic as also C'*T! = Citletc.

v

This is independent of the starting state.
If C is invertible

v

c=cddci=y

where [ is the n x n identity matrix.
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What can we learn from the state-update matrix?

» 55 =5-C.
> 52:51~C:(50~C)'C:SO~C2.
» In general §; =Sy - .

» There are only 2" n x n matrices over IF,, so eventually
C'=C=S5=5C=5C=S,.

The output is ultimately periodic as also C'*T! = Citletc.
» This is independent of the starting state.
» If C is invertible ' .
cl=c@ci=

where [ is the n x n identity matrix.
Thus S;_j = Sp and the output is periodic;
by the lemma, the period divides i — j.

» This is independent of the starting state.
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What can we learn from the state-update matrix?

» 55 =5-C.
> 52:51~C:(50~C)'C:SO~C2.
» In general §; =Sy - .

» There are only 2" n x n matrices over IF,, so eventually
C'=C=S5=5C=5C=S,.

The output is ultimately periodic as also C'*T! = Citletc.
» This is independent of the starting state.
» If C is invertible ' .
cl=c@ci=

where [ is the n x n identity matrix.
Thus S;_j = Sp and the output is periodic;
by the lemma, the period divides i — j.

» This is independent of the starting state.

» If ¢g = 1 the determinant of C is 1 and C is invertible.
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Order of C

The order of C, ord(C), is the smallest integer £ > 0 such that C* = I,
if such an ¢ exists.
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Order of C

The order of C, ord(C), is the smallest integer £ > 0 such that C* =/,
if such an ¢ exists.

If the state-update matrix of an LFSR has order £ then all the periods for
all starting states divide /.

0 01
c =101,
011
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Order of C

The order of C, ord(C), is the smallest integer £ > 0 such that C* =/,
if such an ¢ exists.

If the state-update matrix of an LFSR has order £ then all the periods for
all starting states divide /.

001
c=(101}|

01 1

001 00 1 0 0
c2=|( 10 1 101 |= (0o1) | 1

01 1 01 1 0
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Order of C
The order of C, ord(C), is the smallest integer £ > 0 such that C* =/,
if such an ¢ exists.

If the state-update matrix of an LFSR has order £ then all the periods for
all starting states divide /.

001
c=(101]

01 1

001 00 1 01 1
=101 101 |=(010],

011 01 1 110

011 00 1 110
ci=[010 101 )=(101],

110 01 1 100
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Order of C
The order of C, ord(C), is the smallest integer £ > 0 such that C* =/,
if such an ¢ exists.

If the state-update matrix of an LFSR has order £ then all the periods for
all starting states divide /.

o

C?=

3=

C4

oo HFHEHFKFHEH POO H OO

R, POO O, O ORK
OO OO+, HFKFERKFE RRLBRF
OO OO OO

H OO FPFOO = OO
e e e

Il

OO HPFKFHEKFE Lo o
OO OO i ja
HOO OO 6O

)
)
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Order of C
The order of C, ord(C), is the smallest integer £ > 0 such that C* =/,
if such an ¢ exists.

If the state-update matrix of an LFSR has order £ then all the periods for
all starting states divide /.

o

C?=

3=

=1

o RRH HROO ROO
— O O O e

O Or O OO

C*=

R, POO O, O ORK
H OO FPFOO = OO
e e e

Il
OO HPFKFHEKFE Lo o
OO OO i ja
HOO OO 6O

o
o
o

ord(C) = 4; indeed the periods we found, 4, 2, 1, 1, all divide 4.
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Characteristic polynomial of C

Doing this one for general fields; over IF, : + = —.

X 0 o --- 0 —C

-1 x 0 - 0 -

0 -1 X 0 —QC
det(x/ — C) = 0

0 0 0 . x —Cp_o

0 0 0 -+ -1 x—co1
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Characteristic polynomial of C

Doing this one for general fields; over IF, : + = —.

X 0 o --- 0 —C
-1 x O - 0 —C
0 -1 X 0 —C
det(x/ — C) = 0 —
0 0 0 . x —Cp_2
0 0 0 -+ -1 x-—cy1
X o .- 0 - -1 x
-1 x .- 0 -G 0 -1
x| o o0 D) e
0 0 . x —Cn_> 0 0
0 0 -+ =1 x-—ch1 0 0

= x- determinant of same type matrix +(—1)""**1¢y(—1)"!
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Characteristic polynomial of C

Doing this one for general fields; over IF, : + = —.

X 0 o --- 0 —C
-1 x O - 0 —C
0 -1 X 0 —C
det(x/ — C) = 0 —
0 0 0 . x —Cp_2
0 0 0 -+ -1 x-—cy1
X o .- 0 - -1 x
-1 x .- 0 -G 0 -1
x| o o0 D) e
0 0 . x —Cn_> 0 0
0 0 -+ =1 x-—ch1 0 0

= x- determinant of same type matrix +(—1)""**1¢y(—1)"!
= X(X(- . -X(X(X — C,,,l) — C,,,z) — s = C2) — Cl) — Qo
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Characteristic polynomial of C

Doing this one for general fields; over IF, : + = —.

X 0 o --- 0 —C
-1 x O - 0 -
0 -1 X 0 —C
det(x/ — C) = 0 —
0 0 0 . x —Cp_o
0 0 0 -+ -1 x—co1
X o .- 0 —C1 -1 x 0
-1 x .- 0 —C 0 -1 «x
x| o o0 D) e
0 0 . x —Cn_» 0 0 0
0 0 -+ -1 x—cp1 0 0 0

= x- determinant of same type matrix +(—1)""**1¢y(—1)"!
=x(x(-x(x(x —cp_1) —Cr2) — - — @) —ca) —c=x"—> cx'.
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