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Euclidean algorithm and gcd
» The Euclidean algorithm computes the gcd of two numbers
d = gcd(m, n)

in time polynomial in log,(max{m, n}).
» This is much faster than factoring m and n.

» Each step computes the quotient and remainder of two integers,
starting with m=q; - n+ r; , followed by n = g1 + 1,
n=qsr+rn,n=qas+rn,...

The algorithm stops when r; = 0 and outputs d = r;_1 as the gcd.
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Euclidean algorithm and gcd
» The Euclidean algorithm computes the gcd of two numbers
d = gcd(m, n)

in time polynomial in log,(max{m, n}).
» This is much faster than factoring m and n.

» Each step computes the quotient and remainder of two integers,
starting with m=q; - n+ r; , followed by n = g1 + 1,
n=qsr+rn,n=qas+rn,...

The algorithm stops when r; = 0 and outputs d = r;_1 as the gcd.

» The extended Euclidean algorithm (XGCD) computes integers a, b
with

d = gcd(m, n) = am + bn,

and |a| < n, |b] < m.
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Euclidean algorithm and gcd
» The Euclidean algorithm computes the gcd of two numbers
d = gcd(m, n)

in time polynomial in log,(max{m, n}).
» This is much faster than factoring m and n.

» Each step computes the quotient and remainder of two integers,
starting with m=q; - n+ r; , followed by n = g1 + 1,
n=qsr+rn,n=qas+rn,...

The algorithm stops when r; = 0 and outputs d = r;_1 as the gcd.

» The extended Euclidean algorithm (XGCD) computes integers a, b
with
d = ged(m, n) = am + bn,

and |a| < n, |b] < m.
» Can compute a, b by reversing steps above, starting with

fi-1="ri-3—qi-1fi—2 = ri73_qi71(ri74_qif2rif3) =.--=am+bn
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Extended Euclidean algorithm

Input myne IN
Output d € N, a,b € Z with d = am + bn
1. v+ [m1,0]
2. w<[n0,1]
3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vé—w
33 w<+x

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b
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Extended Euclidean algorithm

Input 312, 213

[ 312, 1, 0]
Input m,n € N [ 213 0 1] g=1
Output d € N, a,b € Z with d = am + bn ’ ’

1. v+ [m1,0]

2. w<[n0,1]

3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vew
33 wx

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b
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1. v+ [m1,0]

2. w<[n0,1]

3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vew
33 wx

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b

Tanja Lange Extended Euclidean algorithm (XGCD) 3



Extended Euclidean algorithm

Input 312, 213

[ 312, 1, O]
Input m,n € N _ [ 213, 0, 1] g=1
Output d € N, 3,b € Z with d =am+bn g9 1 3] 42

1. v+ [m1,0]

2. w<[n0,1]

3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vew
33 wx

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b
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Extended Euclidean algorithm

Input 312, 213

[ 312, 1,

Input m,n € N [ 213 0
Output d € N,a,b € Z with d =am+bn 1 g5
1. v« [m1,0] [ 15: _2’

2. w<[n0,1]

3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vew
33 wx

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b
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Extended Euclidean algorithm

Input 312, 213

[ 312, 1,

Input m,n € N [ 213 0
Output d € N,a,b € Z with d =am+bn 1 g5
1. v« [m1,0] [ 15: _2’

2. w<[n0,1]

3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vew
33 wx

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b
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Extended Euclidean algorithm

Input myne IN
Output d € N, a,b € Z with d = am + bn

1. v+ [m1,0]

2. w<[n0,1]

3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vew
33 wx

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b

Input 312, 213
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Extended Euclidean algorithm

Input myne IN
Output d € N, a,b € Z with d = am + bn
1. v+ [m1,0]
2. w<[n0,1]
3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vé—w
33 w<+x

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b

Tanja Lange Extended Euclidean algorithm (XGCD)

Input 312, 213
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213, 0, 1] gq=1
9, 1, -1] g=2
15, -2, 3] g=6

9, 13, —19] g=1
6, —15, 22] g=1
3, 28, —41] g=2
0, ; ]

d=3,a=28,b=—-41
indeed

28-312 —41-213 =3.



Extended Euclidean algorithm

Input myne IN
Output d € N, a,b € Z with d = am + bn
1. v+ [m1,0]
2. w<[n0,1]
3. while w[0] # 0
3.1 x < v —(v[0] div w[0]) w
32 vé—w
33 w<+x

4. d <« v[0], a< v[1], b+ v[2]
5. return d,a, b

At every step, v[0] = v[1]m + v[2]n.
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Input 312, 213
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312, 1, 0]

213, 0, 1] gq=1
9, 1, -1] g=2
15, -2, 3] g=6

9, 13, —19] g=1
6, —15, 22] g=1
3, 28, —41] g=2
0, ; ]

d=3,a=28,b=—-41
indeed

28-312 —41-213 =3.



XGCD for inversion

» On input m, n, XGCD computes d, a, b with
d =am+ bn.

> An integer m is invertible modulo n if it is co-prime to n,
i.e., if gcd(m, n) = 1.
> XGCD is an efficient way to compute modular inverses:

l=am+bn =
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» On input m, n, XGCD computes d, a, b with
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XGCD for inversion

» On input m, n, XGCD computes d, a, b with
d =am+ bn.

> An integer m is invertible modulo n if it is co-prime to n,
i.e., if gcd(m, n) = 1.
> XGCD is an efficient way to compute modular inverses:

l=am+bn = 1=ammodn.

Thus
m~ ! = amod n.

» Of course, this only works if m is invertible modulo n.
In the example
28-312 —41-213 =3.

Thus 312 and 213 are not co prime.

Tanja Lange Extended Euclidean algorithm (XGCD)



